This paper is concerned with inference about a function g that is identified by a conditional moment restriction involving instrumental variables. The function is nonparametric. It satisfies mild regularity conditions but is otherwise unknown. The paper presents test of the hypothesis that g is the mean of a random variable Y conditional on a covariate X . The need to test this hypothesis arises frequently in economics. The test does not require nonparametric instrumental-variables (IV) estimation of g and is not subject to the ill-posed inverse problem that nonparametric IV estimation entails. The test is consistent whenever g differs from the conditional mean function of Y on a set of non-zero probability. Moreover, the power of the test is arbitrarily close to 1 uniformly over a set of functions g whose distance from the conditional mean function is O n , where is the sample size.
INTRODUCTION
Let Y be a scalar random variable, X and W be continuously distributed random scalars or vectors, and g be a function that is identified by the relation (1.1) .
In (1.1), Y is the dependent variable, X is an explanatory variable, and W is an instrument for X . The function g is nonparametric; it is assumed to satisfy mild regularity conditions but is otherwise unknown. Define the conditional mean function ( )
. We say that X is exogenous if ( ) ( ) g x G x = except, possibly, if x is contained in a set of zero probability.
Otherwise, we say that X is endogenous. This paper presents a test of the null hypothesis, 0 H , that X is exogenous against the alternative hypothesis, 1 H , that X is endogenous. Under mild conditions, the test is consistent whenever ( ) ( ) g x G x ≠ on a set of non-zero probability.
Moreover, in large samples the power of the test is arbitrarily close to 1 uniformly over a set of functions g whose "distance" from is , where is the sample size. If high-ability individuals tend to choose high levels of education, then education is correlated with ability, thereby causing U to be correlated with at least some components of ( ) g X ≡ − X . When this happens, ( ) ( ) g x G x ≠ , and the precision of any nonparametric estimator of g is typically much lower than that of an estimator of (Hall and Horowitz 2003) . Thus, there is a large loss of estimation efficiency from unnecessarily treating G X as endogenous. On the other hand, erroneously assuming that X is exogenous produces a specification error that may be highly misleading. Therefore, it is important have ways to test exogeneity of X . If g is known up to a finite-dimensional parameter, then exogeneity can be tested by using methods developed by Hausman (1978) , Bierens (1990) , and Bierens and Ploberger (1997) . However, these tests can
give misleading results if g is misspecified. This paper presents the first test of exogeneity for a nonparametric g .
1
One possible way to make such a test is to compare nonparametric estimates of g and . Nonparametric estimators of G g have been developed by Newey, Powell and Vella (1999) ; Newey and Powell (2003) ; Darolles, Florens, and Renault (2002) ; Blundell, Chen, and Kristensen, (2003) ; and Hall and Horowitz (2003) . However, (1.1) is a Fredholm equation of the first kind, which leads to an ill-posed inverse problem (O'Sullivan 1986 , Kress 1999 .
Consequently, the rate of convergence in probability of a nonparametric estimator of g is typically very slow. Depending on the details of the probability distribution of , the rate may be slower than O n
for any 0 ε > (Hall and Horowitz 2003) . Therefore, a test based on direct comparison of nonparametric estimates of g and is likely to have low power.
Moreover, obtaining the asymptotic distribution of a nonparametric estimator of G g is very difficult, and no existing estimator has a known asymptotic distribution. Therefore, it is desirable to avoid nonparametric estimation of g in forming a test of 0 H .
The test developed here does not require nonparametric estimation of g and is not
affected by the ill-posed inverse problem of nonparametric instrumental-variables estimation.
Consequently, the "precision" of the test is greater than that of any nonparametric estimator of g .
The rate of convergence in probability of a nonparametric estimator of g is always slower than . In contrast, the test described in this paper can detect a large class of functions
whose distance from the conditional mean function G in a suitable metric is O n .
Nonparametric estimation and testing of conditional mean and median functions is another setting in which the rate of testing is faster than the rate of estimation. See, for example, Guerre and Lavergne (2002) and Spokoiny (2001, 2002 
x z belongs to a set of probability 0. The alternative hypothesis, 1 H , is that (2.2) does not hold on some set [0,1 that has non-zero probability. The data, are a simple random sample of . { , , , : 1,
The Test Statistic
To form the test statistic, let denote the probability density function of ( ,
where for each ( ,
Assume that T is nonsingular for each . Then 
is an "ordinary" order s kernel. If K ξ is close to 1, then we can set
, where K is a bounded, compactly supported function satisfying
. There are, of course, other ways of overcoming the edge-effect problem, but the boundary kernel approach used here works satisfactorily and is simple analytically.
, 
− where and h are bandwidths, and
, ,
H is rejected if n τ is large.
Regularity Conditions
This section states the assumptions that are used to obtain the asymptotic properties of 
f denote the density of ( , ) X Z . The assumptions are as follows.
X Z W has a probability density function with respect to Lebesgue measure. (ii) There is a constant 
Asymptotic Properties of the Test Statistic
To obtain the asymptotic distribution of under , define V Y ( 
Obtaining the Critical Value
The statistic n τ is not asymptotically pivotal, so its asymptotic distribution cannot be tabulated. This section presents a method for obtaining an approximate asymptotic critical value.
The method is based on replacing the asymptotic distribution of n τ with an approximate distribution. The difference between the true and approximate distributions can be made arbitrarily small under both the null hypothesis and alternatives. Moreover, the quantiles of the approximate distribution can be estimated consistently as . The approximate 1 n → ∞ α − critical value of the n τ test is a consistent estimator of the 1 α − quantile of the approximate distribution.
We now describe the approximation to the asymptotic distribution of n
7 uniformly over t . Define 
Approximate ˆ( , , ) ( , )
XZW f x z W Z z and t X by the finite sums ˆ( , ) ( , ) 
The eigenvalues of are approximated by those of the Ω L L × matrix ′ Φ ϒΦ .
Consistency of the Test against a Fixed Alternative Model
In this section, it is assumed that 0 H is false. That is, . Because T is nonsingular, the n τ test is consistent whenever ( , ) g x z differs from on a set of ( ( , ) G x z , ) x z values whose probability exceeds zero.
Asymptotic Distribution under Local Alternatives
This section obtains the asymptotic distribution of n τ under the sequence of local alternative hypotheses 10 (2.6)
where is a bounded function on [
Under (2.6), the distributions of U and V depend on , , and G X . To provide a complete characterization of the sequence of alternative hypotheses, it is necessary to specify the dependence of the distributions of U and V on . Here, it is assumed that
where ε and ν are random variables whose distributions do not depend on
and Va ( ) r ε < ∞ . It follows from (2.6)-(2.7) that (2.8)
The following additional notation is used. Define 
Uniform Consistency
This section shows that for any 0 ε > , the n τ test rejects 0
H with probability exceeding 1 ε − uniformly over a set of functions g whose distance from G is . The following additional notation is used. Define
. Let be fixed. For each and finite C , define as a set of distributions of such that: (i)
for some function that satisfies assumption 3 with V Y ; (iv)
, where ⋅ denotes the norm;
and (v)
is a set of distributions of for which the distance of
g from G shrinks to zero at the rate in the sense that F includes distributions for which 
Alternative Weights
This section compares n τ with a generalization of the test of Bierens (1990) and Bierens and Ploberger (1997) . To minimize the complexity of the discussion, assume that 1 p = and 12 0 r = , so Z is not in the model. Let ( , ) H ⋅ ⋅ be a bounded, real-valued function on [ with the property that 
is a modification of the statistic of Bierens (1990) and Bierens and Ploberger (1997) for testing the hypothesis that a conditional mean function belongs to a specified, finite-dimensional parametric family. In this section, it is
shown that the power of the nH τ test can be low relative to that of the n τ test. Specifically, there are combinations of density functions and local alternative models (2.6)-(2.8) such that an -level test based on a fixed that does not depend on the sampled population has asymptotic local power arbitrarily close to α , whereas the α -level n τ test has asymptotic local power that is bounded away from α . The opposite situation cannot occur under the assumptions of this paper. That is, it is not possible for the asymptotic power of the α -level test to approach while the power of the -level nH τ test remains bounded away from .
The conclusion that the power of nH τ can be low relative to that of n τ is reached by constructing an example in which the -level n τ test has asymptotic power that is bounded away from α but the nH τ test has asymptotic power that is arbitrarily close to α . To minimize the complexity of the example, assume that G is known and does not have to be estimated. Define 
Then arguments like those used to prove Theorem 4 show that under the sequence of local alternatives (2.6)-(2.8) with a known function G , (1 ) Banks, Blundell, and Lewbel 1998) . There is also increasing use of nonparametric estimators (Deaton 1998) . However, X is arguably jointly determined with household budgeting decisions and, therefore, endogenous.
The data consist of 1518 household-level observations from the British Family Expenditure Survey. This is a diary-based household survey that is supplemented by recall information. We use a subsample consisting of married couples with one or two children and an employed head of household. W should be a good instrument for X if income from wages and salaries is not influenced by household budgeting decisions.
The bandwidths for estimating XW f were selected by the method described in the Monte Carlo section. The kernel is the same as the one used in the Monte Carlo experiments. As in the experiments, the critical value of n τ was estimated by setting
The n τ test of the hypothesis that X is exogenous gives θ equal the IV estimates is rejected at the 0.05 level. Thus, the n τ test and the parametric test both reject the hypothesis that the logarithm of total expenditures is exogenous.
APPENDIX: PROOFS OF THEOREMS
To minimize the complexity of the presentation, it is assumed here that 1 p = and 0 r = . Now proceed as in , for example, Serfling's (1980, pp. 195-199) 
